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Abstract
We study the growth of matter perturbations beyond the linear level in cosmologies in which
the dark energy has a variable equation of state. The non-linear corrections result in shifts in the
positions of the maximum, minima and nodes of the spectrum within the range of Baryon Acoustic
Oscillations. These can be used in order to distinguish theories with different late-time variability of
the equation of state.
PACS numbers: 95.36.+x, 95.35.+d, 98.80.Cq
1
1 Introduction
The evolution of the matter power spectrum as a function of redshift depends on the underlying
cosmological scenario. Its form reflects the evolution of the Universe since the time of matter-radiation
equality. For given initial conditions, determined by the primordial spectrum (usually assumed to be
scale invariant), the growth of matter perturbations can be used in order to constrain the possible
cosmological scenaria through the comparison of the resulting spectrum with the observed large-scale
structure. The most promiment feature of the matter spectrum is a series of peaks and valleys,
characterized as Baryon Acoustic Oscillations (BAO). They originate in the period of recombination,
and correspond to sound waves in the relativistic plasma of that epoch.
The chacteristic length scale of BAO is around 100 Mpc. The exact form of the matter power
spectrum at such scales is not easy to compute precisely, because of the failure of linear perturbation
theory to describe reliably the growth of the corresponding fluctuations under gravitational collapse.
At length scales below about 10 Mpc, the evolution is highly non-linear, so that only numerical
N-body simulations can capture the dynamics of the formation of galaxies and clusters of galaxies.
However, fluctuations with length scales of around 100 Mpc fall within the mildly non-linear regime,
for which analytical methods have been developed. We focus on scales in the range 50–200 Mpc,
within which BAO are visible.
The various analytical methods [1]–[10] that have been developed in order to go beyond linear
perturbation theory essentially amount to resummations of subsets of perturbative diagrams of ar-
bitrarily high order, in a way analogous to the renormalization group (RG). (For a summary and
comparison of the various methods, see [11].) We follow the approach of [5], named time-RG or
TRG, which uses time as the flow parameter that describes the evolution of physical quantities, such
as the spectrum of perturbations. The method has been applied to ΛCDM and quintessence cosmolo-
gies [5], allowing for a possible coupling of dark energy to dark matter [6], as well as models with
massive neutrinos [7].
The purpose of the present work is to apply the formalism to the case of a variable equation of
state of the dark-energy component. The typical example of such a scenario links the dark energy
to an evolving scalar field with non-zero potential [12]. We use a simpler parametrization of the
dark-energy sector, by assuming that its energy-momentum tensor has the usual perfect-fluid form
but with an equation of state that is a function of redshift: p/ρ = w(z). We assume the form of w(z)
employed in [13]:
w(a) =
a w˜(a)
a+ atrans
−
atrans
a+ atrans
, (1)
where a = 1/(1 + z) is the scale factor, and w˜(a) = w˜0 + (1− a)w˜a. The value atrans corresponds to
the “transition epoch”, during which the dark energy ceases to have the form of a pure cosmological
constant with w = −1 and starts to evolve. At small redshifts eq. (1) reproduces the commonly used
linear form of w(a) [14]
w(a) = w0 + (1− a)wa, (2)
where w0, wa can be expressed in terms of w˜0, w˜a. Following [13], we describe the various models
through the present-day value of w, w0 ≡ w(z = 0), its first derivative, w
′ = dw/dz|z=0, and atrans.
For atrans ≪ 1, we have w0 ≃ w˜0 and w
′ ≃ w˜a. A detailed discussion of this parametrization is given
in appendix C of [13].
For our study we use values of atrans such that the equation of state of the dark-energy sector is
very close to that of a cosmological constant during the time of recombination. In this way, we do
not account for potentially interesting models with significant amounts of evolving dark energy at
early times. Instead, the emphasis of our study is on the influence of the late-time evolution on the
matter spectrum. Assuming that the dark-energy density is constant during recombination, with a
negligible contribution to the total energy density, provides the most convenient framework in order
to isolate the late-time effects.
In fig. 1 we depict the form of w(z) for several models, defined through the values of w0 and
w′. For all of them we assume ztrans = 10. The equation of state varies significantly for z < 2. For
z > 2 the function w(z) has a smooth evolution and approaches w = −1 asymptotically for large
z. As a result, the early cosmological evolution is similar to ΛCDM for all models. In fig. 2 we
depict the evolution of the dark-energy density as a function of redshift. We emphasize that the dark
energy gives a significant contribution to the total energy of the Universe only for redshifts z <∼ 2,
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Figure 1: The form of the equation of state w(z)
for ΛCDM and a variety of models: w0 = −1,
w′ = 1 (dotted), w0 = −1.3, w
′ = 1 (long-
dashed), w0 = −1.3, w
′ = 0 (short-dashed),
w0 = −0.8, w
′ = −0.7 (continuous), w0 =
−0.6, w′ = −1.5 (dash-dotted).
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Figure 2: The evolution of the dark-energy den-
sity for the models of fig. 1.
while at earlier times the dominant component is dark matter. For example, at z = 10 we have
ρDE/ρDM <∼ 5% for all models, while at z = 40, where we set the initial conditions for the evolution
of the power spectrum, we have ρDE/ρDM <∼ 0.5%.
In order to develop a self-consistent formalism beyond the linear level, we describe in the following
section how the relevant evolution equations can be obtained, starting from the fundamental equations
of motion and making the necessary approximations. In our approach, the paramertrization of the
equation of state by a variable w(z) corresponds to the presence of a quintessence field with an
appropriate potential and a standard kinetic term. An immediate consequence of these assumptions
is that the dark energy does not cluster at the sub-horizon level. Models in which substantial dark-
energy clustering appears, as a consequence of either primordial isocurvature perturbations or non-
trivial late-time dynamics [15], are beyond the scope of our study.
In the current analysis of data of galaxy surveys the non-linear corrections are accounted for
in a rather crude fashion: The linear spectrum is multiplied by a Gaussian smoothing factor that
results in the damping of small scales [16]. The dampling scale Ddamp is set to 10h
−1 Mpc. Our
purpose is to identify deformations of the spectrum beyond this approximation. The mode mixing
generated by the non-linear corrections affects the features of the spectrum (such as the extrema)
in a non-uniform way. In this study we focus on the relative position of the maxima, minima and
nodes of the spectrum in the BAO region. We determine the shifts in their relative positions induced
by the non-linear growth of perturbations. Such shifts can be used in order to differentiate between
models by lifting the degeneracies that persist in a cruder analysis. Our main aim is to determine
the magnitude of these effects. A careful comparison with actual data will require more sophisticated
methods, such as the Fisher matrix methodology [17].
2 Formalism
We concentrate on the evolution of fluctuations at subhorizon scales. We include contributions
from all massive matter (baryonic and dark) in the total matter density ρ(τ, ~x). The fundamental
equations in the TRG approach are the continuity, Euler and Poisson equations. For an expanding
background, they can be obtained starting from the Einstein equations and the conservation of the
energy-momentum tensor. This calculation has been performed in [6] in the case that the dark energy
arises through the potential of an evolving scalar field φ. We summarize the results, in order to deduce
the relevant equations for the parametrization through a variable equation of state w(z). The details
are given in the appendix A of ref. [6].
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For the metric, we consider an ansatz of the form
ds2 = a2(τ )
[
(1 + 2Φ(τ, ~x)) dτ 2 − (1− 2Φ(τ, ~x)) d~x d~x
]
. (3)
We assume that the Newtonian potential Φ is weak, Φ≪ 1, and that the field φ can be decomposed
as φ(τ, ~x) = φ¯(τ )+δφ(τ, ~x), with δφ/φ¯≪ 1. In general, φ¯ = O(1) in units of the reduced Planck mass
M = (8πG)−1/2. In the absence of a coupling between dark matter and dark energy, the magnitude
of the fluctuations of φ is not expected to exceed that of the gravitational field Φ. Finally, the density
can be decomposed as ρ(τ, ~x) = ρ¯(τ ) + δρ(τ, ~x). We allow for significant density fluctuations, even
though our analysis is not applicable when they are much larger than the background density.
For subhorizon perturbations with momenta k ≫ H = a˙/a, the linear analysis predicts |δ~v| ∼
(k/H)Φ ∼ (H/k)(δρ/ρ¯). A consistent expansion scheme can be obtained if we assume that Φ ≪
|δ~v| ≪ 1. Including the density perturbations, our assumptions can be summarized in the hierarchy
of scales: Φ ≪ |δ~v| ≪ δρ/ρ¯ . 1. We assume that the fluctuations of the scalar field δφ/φ¯ can be as
large as the gravitational potential Φ. However, we shall see in the following that, if there is no direct
coupling between dark matter and dark energy, they are actually much smaller. As we are dealing
with subhorizon perturbations, it is consistent to make the additional assumption that the spatial
derivatives of Φ, δφ dominate over their time derivatives. The predictions of the linear analysis allow
us to make a more quantitative statement. We assume that a spatial derivative acting on Φ, δφ or δ~v
increases the position of that quantity in the hierarchy by one level. In this sense ~∇Φ is comparable
to δ~v, while ∇2Φ is comparable to ρ¯.
The equation of motion for the scalar field has been derived in ref. [6]. Assuming the hierarchy
we described above, it can be split into an equation for the homogeneous part:
¨¯φ+ 2
a˙
a
˙¯φ+ a2
dU(φ¯)
dφ
= 0, (4)
and one for the perturbation:
δφ¨+ 2
a˙
a
δφ˙−∇2δφ+ a2
d2U(φ¯)
dφ2
δφ− 4 ˙¯φΦ˙ + 2a2
dU(φ¯)
dφ
Φ = 0. (5)
The terms with time derivatives are subdominant according to our assumptions. The scalar field φ¯
takes values of orderM . For φ¯ to evolve at cosmological times, it must have a mass term d2U(φ¯)/dφ2 =
O(H2). We also have U(φ¯), ρ¯ = O(H2M2). It is natural to expect dU(φ¯)/dφ = O(H2M). For
subhorizon perturbations with characteristic momenta k ≫H, the inspection of eq. (5) demonstrates
that δφ/φ¯ is suppressed by (H/k)2 relative to Φ. In the absence of a direct coupling between dark
matter and the field φ, the field fluctuation δφ/φ¯ is negligible within the hierarchy we have assumed.
We can conclude that the fluctuations in the dark-energy sector do not affect the growth of matter
fluctuations at scales much smaller than the horizon distance. If the dark energy does not couple
directly to matter, it does not cluster sufficiently for its fluctuations to play a role in structure for-
mation. This conclusion is consistent with the approximations underlying the essentially Newtonian
framework that we employ for the study of the spectrum. It must be pointed out that it is possible
for significant fluctuations in the dark-energy sector to originate in the primordial spectrum. Such
a scenario is considered in ref. [15]. As we have discussed in the introduction, we focus on mod-
ifications of the matter power spectrum induced by the late-time cosmological evolution. For this
reason, we do not discuss the possibility of initial dark-energy perturbations and their subsequent
role. In summary, we consider models without significant dark-energy clustering. At the practical
level, we assume δφ ≃ 0 in the following, an approximation consistent with our essentially Newto-
nian treatment of perturbations. The quintessence field affects only the background evolution, in a
way modelled by a time-dependent equation of state parametrized by w(z). It is straightforward to
generalize our approach for the case of significant dark-energy fluctuations, along the lines of ref. [6].
The equation of motion for the gravitational potential Φ can be obtained from the first Einstein
equation. The leading terms give
H2 =
(
a˙
a
)2
=
1
3M2
[
a2ρ¯+
1
2
˙¯φ2 + a2U(φ¯)
]
, (6)
while our assumptions reduce the equation for the perturbation to the Poisson equation for the
gravitational field Φ:
∇2Φ =
1
2M2
a2δρ. (7)
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We now turn to equations derived from the conservation of the total energy-momentum tensor
T µν;ν = 0. For µ = 0, the leading terms give
˙¯ρ+ 3Hρ¯ = −
˙¯φ
a2
(
¨¯φ+ 2H ˙¯φ + a2
dU(φ¯)
dφ
)
= 0, (8)
where we have employed eq. (4). The equation for the perturbation is more complicated. It can be
simplified considerably through our assumptions about the hierarchy of the various fields. We obtain
δρ˙+ 3Hδρ + ~∇ [(ρ¯+ δρ)δ~v] =
˙¯φ
a2
∇2δφ ≃ 0, (9)
where we have made use of our assumption δφ ≃ 0. For µ = i = 1, 2, 3 we obtain the generalization
of the Euler equation for this system. After eliminating higher-order terms and employing eqs. (4),
(8), (9) we find
δ~˙v +Hδ~v +
(
δ~v ~∇
)
δ~v = −~∇Φ. (10)
We have seen that, if the dark energy has no direct coupling to matter, it influences the matter
spectrum only through its effect on the expansion rate. We can now rewrite the relevant equations
using the variable equation of state w(a). We replace the equation of motion of φ¯ by the continuity
equation for the dark-energy density in the form
˙¯ρDE + 3(1 + w(a))H ρ¯DE = 0. (11)
For a specific quintessence model, the determination of the function w(a) requires the integration of
eq. (4). In our study, however, we shall assume that w(a) is parametrized by eq. (1). The Friedmann
equation (6) takes the form
H2 =
(
a˙
a
)2
=
1
3M2
a2 (ρ¯+ ρ¯DE) . (12)
In summary, the evolution of the background is determined by eqs. (8), (11), (12), while the growth
of the matter fluctuations is described by eqs. (7), (9), (10).
The evolution equations are expressed in their most useful form in terms of the density contrast
δ ≡ δρ/ρ¯ . 1 and θ(k, τ ) ≡ ~∇ · ~δv(k, τ ). For the Fourier transformed quantities, we obtain
δ˙(k, τ ) + θ(k, τ ) +
∫
d3k1 d
3
k2 δD(k− k1 − k2) α˜(k1,k2) θ(k1, τ ) δ(k2, τ ) = 0, (13)
with α˜(k1,k2) = k1 · (k1 + k2)/k
2
1 , and
θ˙(k, τ )+Hθ(k, τ )+
3
2
H2ΩMδ(k, τ )+
∫
d3k1 d
3
k2 δD(k−k1−k2) β˜(k1,k2) θ(k1, τ ) θ(k2, τ ) = 0, (14)
with β˜(k1,k2) = (k1 + k2)
2k1 · k2/(2k
2
1k
2
2) and ΩM ≡ ρ¯a
2/(3H2).
We define the doublet 
 ϕ1(k, η)
ϕ2(k, η)

 = e−η


δ(k, η)
−
θ(k, η)
H

 , (15)
where η = ln a(τ ). This allows us to bring eqs. (13), (14) in the form [1, 4, 5]
∂ηϕa(k, η) + Ωabϕb(k, η) = e
ηγabc(k,−k1,−k2)ϕb(k1, η)ϕc(k2, η). (16)
The indices a, b, c take values 1, 2. Repeated momenta are integrated over, while repeated indices are
summed over. The functions γ, that determine effective vertices, are given in [4, 5]. The non-zero
components are
γ121(k,k1,k2) =
α˜(k1,k2)
2
δD(k+ k1 + k2) = γ112(k,k2,k1)
γ222(k,k1,k2) = β˜(k1,k2) δD(k+ k1 + k2).
(17)
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The Ω-matrix, which determines the linear evolution, is
Ω(η) =


1 −1
−
3
2
ΩM 2 +
H′
H

 , (18)
where a prime denotes a derivative with respect to η.
The next step is to derive evolution equations for the power spectra. The spectrum and bispectrum
are defined as
〈ϕa(k, η)ϕb(q, η)〉 ≡δD(k+ q)Pab(k, η)
〈ϕa(k, η)ϕb(q, η)ϕc(p, η)〉 ≡δD(k+ q+ p)Babc(k,q,p, η)
(19)
Their evolution with time can be obtained through differentiation with respect to η and use of eq.
(16). The essential approximation that we have to make in order to obtain a closed system is to
neglect the effect of the trispectrum on the evolution of the bispectrum. This gives [4, 5]
∂ηPab(k, η) = −ΩacPcb(k, η)− ΩbcPac(k, η)
+eη
∫
d3q
[
γacd(k,−q,q− k)Bbcd(k,−q,q− k)
+γbcd(k,−q,q− k)Bacd(k,−q,q− k)
]
, (20)
∂ηBabc(k,−q,q− k) = −ΩadBdbc(k,−q,q− k)− ΩbdBadc(k,−q,q− k)−ΩcdBabd(k,−q,q− k)
+2eη
[
γade(k,−q,q− k)Pdb(q, η)Pec(k− q, η)
+γbde(−q,q− k,k)Pdc(k− q, η)Pea(k, η)
+γcde(q− k,k,−q)Pda(k, η)Peb(q, η)
]
. (21)
The procedure of truncating the system of equations is commonly employed in the applications of
the Wilsonian RG to field theory or statistical physics. (For a review, see [18].) The accuracy of the
calculation can be determined either by enlarging the truncated system (by including the trispectrum,
for example) and examining the stability of the results, or by comparing with alternative methods.
The second approach is often followed, because enlarging the truncation can increase the complexity
of the calculation considerably. In the case of the TRG, the agreement with results from N-body
simulations for ΛCDM [5], quintessence and coupled quintessence [6] is at the sub-percent level for
the BAO range. We expect agreeement with alternative methods at the same level for the case of
a variable equation of state we are studying. We shall see in the following that the features of the
spectrum differ at the sub-percent level for various forms of the equation of state. We emphasize,
however, that in this work we make comparisons between results obtained always with our method
(e.g. for various forms of w(z), at the linear or non-linear level), without reference to other approaches.
As a result, the bigger systematic effects, the ones that generate the discrepancy between different
methods, are expected to cancel out. In particular, for the parametrization of eq. (1), we expect that
the comparison we perform between models characterized by different values of w0 and w
′ can lead
to the reliable identification of the relative variation of features in the spectrum, such as the location
of maxima, minima or nodes.
3 Results and discussion
We consider models for which w(z) is very close to −1 at high redshfit. We also assume a common
normalization at high redshift for the matter spectra of all the models that we study. At the linear
level, the location of the extrema of the spectrum at low redshift is expected to be independent of the
form of w(z). The reason is that, at the linear level, the evolution of the matter spectrum amounts
to multiplication by an overall redshift-dependent factor (the linear growth rate). At the non-linear
level, however, the shape of the matter spectrum is modified through mode coupling during the
growth of the fluctuations. The main purpose of our study is to determine the magnitude of the shift
of the peak location arising from the non-linear corrections for the various forms of w(z).
The full system of eqs. (20), (21) can be solved in a way analogous to that described in Appendix
B of [5]. We set the initial conditions for the integration of the evolution equations for the spectra at
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Figure 3: Linear and non-linear spectra at z =
0, for w0 = −0.8, w
′ = −0.7, normalized with
respect to a smooth spectrum.
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Figure 4: The fractional shift of the maximum,
minima and nodes of the non-linear spectrum, as
a function of redshift, for w0 = −0.8, w
′ = −0.7.
a redshift z = 40. At such early times the evolution is linear to a very good approximation. Moreover,
our assumptions about the form of w(z) imply that there is no appreciable amount of dark energy at
such early times. As a result, the early evolution of the spectrum is identical to that in the ΛCDM
case. We compute it by making use of the numerical code CAMB [19]. We assume that the primordial
spectrum is scale invariant with spectral index n = 0.96. We use the Cosmic Microwave Background
(CMB) normalization for all the models we study: ∆2R = 2.46 × 10
−9 at k0 = 0.002/Mpc. We take
the present-day Hubble parameter to be H0 = 70 km/sec/Mpc, the present-day total matter density
ΩM = 0.27 and the baryonic density Ωb = 0.046. Under the assumption that the dark energy is
negligible before z = 40, all the models that we have studied have the same early Universe history. It
is, therefore, consistent to assume that they have the same power spectrum at z = 40. The differences
appear at low redshifts at which the equation of state w(z) deviates from a pure cosmological constant
with w = −1. We take atrans = 1/(1 + ztrans), with ztrans = 10, for the “transistion epoch”, during
which the dark energy starts deviating from a pure cosmological constant. The various models predict
different present-day spectra, age of the Universe, amplitude of matter fluctuations (σ8), and location
of BAO peaks.
In fig. 3 we depict the linear (solid line) and non-linear (dashed line) matter power spectra at
z = 0 for a model with w0 = −0.8 and w
′ = −0.7. Following the commong practice, we have
normalized both spectra with respect to a smooth spectrum. (The corresponding transfer function is
given by eq. (17) of ref. [20].) We have used a smooth function such that the non-linear spectrum is
oscillatory around an almost constant value in the k-range of interest. On the same figure we have
indicated certain characteristic points of the spectrum: two minima (1 and 5), a maximum (3) and
three nodes (2,4 and 6). In fig. 4 we depict the evolution of these points as a function of redshift.
At the linear level, no evolution is expected. For this reason, we plot the fractional difference in the
location of these points from their constant values at the linear level. We observe that for large z
the deviation is negligible, because the spectrum is linear to a good approximation. The deviations
become significant below a redshift approximately equal to 3. We have checked that the choice of the
smooth spectrum used for normalization does not influence appreciably the shift of the characteristic
points.
The change in the shape of the spectrum arising through the non-linear corrections can be used in
order to distinguish different models. The ΛCDM maximum k3,ΛCDM is shifted by 6.4× 10
−4h/Mpc
when non-linear corrections are taken into account. The shift is different for models with a variable
equation of state. In fig. 5 we depict the location of the maximum of the non-linear spectrum as
a function of w0 and w
′ at a redshift z = 0.366. We plot the fractional deviation of the maximum
from its position in ΛCDM (corresponding to the point w0 = −1, w
′ = 0). We display several points
that correspond to distinct theories, as well as a smooth fit in order to guide the eye. There are no
points beyond the line starting at (−0.6, 0.5) and ending at (−1.5, 1.5). In that range of the (w0, w
′)
plane, and for our choice of atrans ≃ 0.091, the values of the Hubble rate H at z = 40 differ by
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Figure 5: The fractional shift of the first maximum from its location for ΛCDM, as a function of w0 and
w′, at a redshift z = 0.366.
more than one per mille between the various models. This implies that the effective equation of state
w(z) deviates from that of a pure cosmological constant already at the initial time at which we have
started the evolution of the spectrum. As we wish to disentangle such early-time effects from pure
late-time ones, we do not investigate this part of the parameter range. It is apparent from fig. 5 that
the late-time non-linear corrections to the spectrum generate differences at the per mille level for the
location of the maximum in various dark-energy models.
Similar behavior is observed for the location of the minima and nodes of the spectrum. The ratio
of the position of the first minimum k1 to that of the first maximum k3, as a function of w0 and w
′ at
a redshift z = 0.366, results in a surface with shape very similar to that in fig. 5, but with opposite
tilt. The reason is that the first minimum is located in the part of the spectrum that is described
accurately at the linear level, so that k1 is essentially the same for all the theories we consider. In
table 1 we give the values of k1/k3 for ΛCDM and four theories that correspond to the corner points
in fig. 5. The ratio of the position of the second minimum k5 to k3 displays enhanced variation,
because the non-linear corrections increase the value of k3 but reduce the value of k5. In table 1 we
give the values of k5/k3 for the same five theories.
There are certain degeneracies in the form of the non-linear spectrum, which are not immediately
Table 1: The location of mimima relative to the maximum for various theories.
w0 w
′ k1/k3 k5/k3
-1 0 0.6955 1.387
-0.6 -1.5 0.6948 1.394
-1.5 1.5 0.6955 1.387
-1.5 -1.5 0.6939 1.377
-0.6 0.5 0.6988 1.407
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Figure 6: The fractional shift of the first maxi-
mum from its location for ΛCDM, as a function
of the age of the Universe.
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Figure 7: Angular distance as a function of the
age of the Universe for the class of models we
consider.
apparent in fig. 5. In order to display them we depict in fig. 6 the same data points as a function
of the total time t40 between z = 40 and z = 0, which is equal to the age of the Universe in a good
approximation. We normalize this time with respect to its value for ΛCDM. It is apparent that the
shift of the maximum has an almost linear dependence on t40. Models with distinct values of w0 and
w′, but the same value of t40, predict a similar shift of the maximum. This indicates that, if ΩM is
kept fixed in the various models, as we have assumed throughout this work, the growth of non-linear
perturbations depends mainly on the available time. An equivalent measure is the value of σ8, as
computed from the linear spectrum for each model. For fixed ΩM , the value of σ8 increases with the
available time. This results in an almost linear dependence of the shift of the maximum on σ8.
The various models that result in a shift of the maximum very close to that for ΛCDM lie roughly
on a line that starts at (−0.6,−1.5) and ends at (−1.5, 1.3) on the (w0, w
′) plane. The same also
happens for the shift of the second minimum, whose deviation from the value for ΛCDM can be as
big as 1%. The line between (−0.6,−1.5) and (−1.5, 1.3) lies within the best-fit range obtained from
a combination of the WMAP 5-year data, supernova data and the linear BAO specturm (fig. D1
of ref. [13]). The reason can be traced in the strong correlation between the angular distance of a
high-redshift source and the corresponding time. In fig. 7 we depict the angular distance of a source
at z = 40 as a function of the total time t40 between z = 40 and z = 0, for a large number of models
with various values of w0 and w
′. The same relation also holds for higher redshifts, as all the models
have the same evolution before z = 40. It is apparent that for the class of models that we consider
the time determines almost uniquely the angular distance for high-redshift sources. As the time also
determines the growth of the non-linear effects in the matter spectrum, the appearance of the same
degeneracy in the CMB and matter spectra is natural.
In conclusion, we have presented a calculation that demonstrates how the matter spectrum can be
used in order to differentiate between cosmological models with a late-time deviation from ΛCDM.
Features of the spectrum such as the location of extrema and nodes do not remain constant when
non-linear corrections to the evolution are taken in to account. For example, non-linear corrections
shift the location of the first maximum towards larger values, while they decrease the value of the
second minimum of the spectrum.
Our main quantitative result is that the relative differences in the features of the spectra for
various models are at the sub-percent level. This makes them too small to be identified within
the accuracy provided by the current data of galaxy surveys. However, effects such as the ones we
discussed are calculable and can be used for comparisons as the precision will improve in the future.
The most efficient method would make simultaneous use of the full spectrum, exploiting the fact that
the positions of extrema and nodes vary differently at the non-linear level. A simultaneous fit to
the locations of maxima, minima and nodes at various redshifts has the potential to provide a useful
method for differentiating between theories with late-time variation of the equation of state.
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